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a b s t r a c t
We show that for every admissible order v ≡ 0 or 2 (mod 6) there exists a near-Steiner
triple system of order v that can be halved. As a corollary we obtain that a Steiner almost
self-complementary graph with n vertices exists if and only if n ≡ 0 or 2 (mod 6).
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A graph is self-complementary if it is isomorphic to its complement. Since the introduction of self-complementary graphs
in the early nineteen sixties (see [13,12]), a vast literature devoted to properties of self-complementary graphs (SC-graphs)
has come into existence. As SC-graphs with n vertices exist only if n ≡ 0 or 1 (mod 4), since the number of edges of the
complete graph Kn must be even, several authors have initiated a study of the so-called almost self-complementary graphs
(ASC-graphs), i.e. graphs G which are isomorphic to the graph obtained from its complement G¯ by removing from it one edge
(see, e.g. [3,1,14]).
More recently, another concept of almost self-complementary graphs was introduced by Dobson and Šajna [5]; see
also [9–11]. They call a graph G almost self-complementary if it is isomorphic to the graph obtained from the complement
G¯ of G by removing the edges of a 1-factor of G¯. It is this definition of an ASC-graph that we will deal with in this article.
A Steiner triple system of order v, STS(v) [a near-Steiner triple system of order v, NSTS(v), respectively] is a pair (V,B)where
V is a finite set, |V| = v, andB is a collection of 3-subsets of V called triples such that each 2-subset of V [each 2-subset of V
except for elements of I where I is a fixed partition of V into 2-subsets, respectively] is contained in exactly one triple ofB [no
element of I is contained in a triple ofB]. Alternatively, one may consider an STS(v) to be an edge-disjoint decomposition of
the complete graph Kv into triangles, and an NSTS(v) to be an edge-disjoint decomposition of the cocktail-party graph Kv − I
(the complete graph with the edges of a 1-factor I deleted) into triangles.
It is well known that an STS(v) exists if and only if v ≡ 1 or 3 (mod 6), and an NSTS(v) exists if and only if v ≡ 0 or
2 (mod 6) [2].
By analogy with [4], we examine in this paper NSTS(v) which can be halved. Any NSTS(v)(V,B) for which there exists a
partitionB = B1 ∪B2,B1 ∩B2 = ∅ such that (V,B1) and (V,B2) are isomorphic, will be said to have the halving property;
alternatively, we will say that the NSTS can be halved.
Note that unlike for STSs, the number of triples in an NSTS(v) is always even. This means that the trivial arithmetic
necessary condition for the existence of anNSTS(v) that can be halved is the same as the necessary condition for the existence
of an NSTS(v): v ≡ 0 or 2 (mod 6).
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One simple instance when an NSTS(v) can be halved is provided by the following simple observation (cf. Lemma 2.2
in [4]).
Lemma 1. If an NSTS(v)(V,B) has an automorphism α such that each orbit of triples under α is of even length then (V,B) can
be halved.
Proof. Let Bi be a representative of the ith orbit of triples. Take
B1 = ∪ (Bi ∪ α2Bi ∪ α4Bi ∪ · · ·),B2 = αB1. Then (V,B1) ' (V,B2). 
Corollary 2. If v ≡ 2 or 8 (mod 24) then there exists an NSTS(v) with the halving property.
Proof. The existence of a cyclic NSTS(v) in these cases, with all orbits of triples of full length v, follows from the existence
of a 1-rotational STS(v+ 1), v+ 1 ≡ 3 or 9 (mod 24) [2,8] (an STS(v+ 1) is 1-rotational if it admits an automorphism fixing
one element and permuting the other v elements in a single cycle of length v).
Definition. A Steiner almost self-complementary graph (SASC-graph) is an ASC-graph whose edge set can be partitioned
into (edge-disjoint) triangles.
For basic properties of ASC-graphs, see [5,9–11].
The following lemma is an obvious analogue of Lemma 2.4 of [4].
Lemma 3. The following are equivalent:
(i) There exists an NSTS(v) with the halving property.
(ii) There exists an SASC-graph with v vertices.
If an NSTS(v)(V,B) can be halved so that, say, (V,B1) ' (V,B2) then there exists a permutation σ on V such that
σ(B1) = B2. The graphs Gi = G(Bi),Gi = (V, Ei), i = 1, 2, obtained by replacing each triple ofBi with its three pairs of edges,
are such that G1 and its almost complement G2 (with respect to some 1-factor I) are also isomorphic: E2 = σ(E1), thus G ' Gi
is an ASC-graph. The permutation σ may or may not preserve the 1-factor I. In accordance with [9], σ is an antimorphism
of G = (V, E), and a fair antimorphism if σ preserves I; otherwise, the antimorphism is unfair. Following [9], if (V,B) can
be halved and there exists a fair antimorphism of an SASC-graph G, we will say that (V,B) has the fair halving property. If,
moreover, the fair antimorphism σ is an automorphism of the corresponding NSTS(v)(V,B) (i.e., also σ(B2) = B1) then
σ is a strong antimorphism, G ' Gi is a strong SASC-graph, and the NSTS(v)(V,B) has the strong halving property (or can
be strongly halved). We will see that there exist fair antimorphisms of SASC-graphs which are not automorphisms of the
corresponding NSTS.
Clearly, the NSTSs of Lemma 1 and Corollary 2 have in fact the strong halving property.
Example 1. AnyNSTS(6) is isomorphic to the one whose triples are {1, 2, 3}, {3, 4, 5}, {1, 5, 6}, {2, 4, 6}. ThisNSTS(6)may be
halved, e.g., by takingB1 = {{1, 2, 3}, {2, 4, 6}},B2 = {{3, 4, 5}, {1, 5, 6}}. Here I = {{1, 4}, {2, 5}, {3, 6}}. The antimorphism
α = (14)(25) of the corresponding SASC-graph is fair as it preserves I (while the antimorphism β = (134)(25) is unfair) and
is strong as it is also an automorphism of our NSTS(6); thus the unique NSTS(6) has the strong halving property.
Example 2. The NSTS(8) is also unique, and is isomorphic to a system (V,B) where V = {1, 2, 3, 4, 5, 6, 7, 8}, B =
{{1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {5, 6, 8}, {6, 7, 1}, {7, 8, 2}, {8, 1, 3}}.
This NSTS(8) admits three nonisomorphic halvings {B1,B2}, withB1 given below, where in each caseB2 = B \B1:
(1) {{1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}}
(2) {{1, 2, 4}, {2, 3, 5}, {5, 6, 8}, {1, 6, 7}}
(3) {{1, 2, 4}, {3, 4, 6}, {5, 6, 8}, {2, 7, 8}}.
The automorphism groups of {B1,B2}, considered as a decomposition of the cocktail-party graph K8 − I into two
(isomorphic) graphs, have order 6, 16, and 16, respectively. In each case, those automorphisms of the decomposition which
map B1 into B2 are strong antimorphisms of the graph G = G(B1), while the remaining automorphisms (elements of a
subgroup of index 2 fixing each part) are not antimorphisms of the graph G = G(B1), thus our NSTS(8) can be strongly
halved. In case (1), there also exist three unfair antimorphisms, e.g. (1 5 7 2 6 3)(4 8), while in cases (2) and (3), there exist
no unfair antimorphisms.
Example 3. It is well known that there are exactly five nonisomorphic NSTS(12): one of the STS(13) is cyclic, thus yielding a
single NSTS(12) if one of its points is omitted, while the automorphism group of the other STS(13) has four orbits on vertices
(cf. [7], p. 15) and so gives rise to four nonisomorphic NSTS(12).
Each of the five NSTS(12) is halvable but only one is fairly halvable, and none is strongly halvable. The fairly halvable
system is isomorphic to (V,B) where V = {0, 1, . . . , 11},B = B1 ∪B2,
B1 = {{1, 3, 5}, {1, 4, 7}, {1, 9, 11}, {2, 3, 9}, {2, 4, 5}, {0, 2, 7}, {0, 5, 9}, {3, 7, 10}, {5, 7, 11}, {5, 8, 10}};
B2 = {{1, 6, 8}, {0, 1, 10}, {2, 6, 10}, {2, 8, 11}, {3, 6, 11}, {0, 3, 8}, {0, 4, 6}, {4, 8, 9}, {4, 10, 11}, {6, 7, 9}}; I = {{0, 11}, {1,
2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}}; the unique fair antimorphism σ of the SASC-graph G(B1)which is at the same time a halving
permutation mappingB1 ontoB2 is σ = (0 2 11 1)(3 4)(5 6)(7 8)(9 10). For complete details of all antimorphisms etc. of
all NSTS(12), see http://home.agh.edu.pl/~meszka/nsts12.html.
Thus all NSTS(v) with v ≤ 12 can be halved (but not all can be fairly or strongly halved).
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Example 4. There exist exactly 787 nonisomorphic NSTS(14). [Although we have not been able to find a reference –
including [2] – where this is stated explicitly, this number is easily obtained just by counting the total number of point orbits
of the 80 nonisomorphic STS(15)s.] These provide a richness of examples of systems which are (1) strongly halvable (2) fairly
but not strongly halvable (3) unfairly but not fairly halvable, and (4) not halvable at all. Moreover, there are systems which
are not halvable but contain partial subsystems whose associated graphs are SASC-graphs. For complete details concerning
halving properties of all nonisomorphic NSTSs of order 14, see http://home.agh.edu.pl/~meszka/nsts14.html.
An example of a halvable NSTS(14) is obtained from STS(15)No. 31 by omitting the element 9 (cf. [7]): V = {0, 1, . . . , 13},
B1 = {{0, 1, 2}, {0, 3, 4}, {0, 5, 6}, {0, 7, 8}, {0, 11, 12}, {1, 3, 5}, {1, 8, 10}, {1, 11, 13}, {2, 5, 11}, {3, 7, 13}, {3, 8, 11},
{5, 7, 12}, {5, 8, 9}, {7, 10, 11}},
B2 = {{0, 9, 13}, {1, 4, 6}, {1, 9, 12}, {2, 3, 6}, {2, 4, 7}, {2, 8, 13}, {2, 9, 10}, {3, 10, 12}, {4, 5, 10}, {4, 9, 11}, {4, 12, 13},
{6, 7, 9}, {6, 8, 12}, {6, 10, 13}}.
The antimorphism α = (0 4 5 9)(1 2 7 12)(3 10 8 13)(6 11) mapping B1 onto B2 is fair as it preserves the 1-factor
I = {{0, 10}, {1, 7}, {2, 12}, {3, 9}, {4, 8}, {5, 13}, {6, 11}}, and is strong since also α(B2) = B1.
Lemma 4. If v ≡ 0, 6, 14, 18 (mod 24), then there exists an NSTS(v) with the strong halving property.
Proof. If v ≡ 0 (mod 24), there exists a 2-rotational STS(v+1) [8]. If v ≡ 6 or 14 (mod 24), there exists an STS(v+1)with an
automorphism α having one fixed element, one transposition and one cycle of length v− 2 [6]. Finally, if v ≡ 18 (mod 24),
there exists an STS(v+1)with an automorphism α having one fixed element, one transposition and two cycles of length v−22
each [4]. Deleting always the one fixed element and the triples containing it results in an NSTS(v) with an automorphism α¯
(obtained from α by deleting the fixed element). All orbits of triples in the resulting NSTS(v) under α¯ are of even length, and
so Lemma 1 applies. 
As a Corollary to Theorem 2.10 of [4] we obtain:
Lemma 5. If v+ 1 is a prime power congruent to 13 modulo 24, then there exists an NSTS(v) which can be halved (and thus an
SASC-graph with v vertices).
Lemma 6. There exists an NSTS(20) which can be strongly halved.
Proof. Let V = {0, 1, . . . 19} andB = {B1,B2}.
We take the cyclic STS(21) with base blocks {0, 1, 5}, {0, 2, 10}, {0, 3, 9} and {0, 7, 14} (cf. [7], cyclic system No.3). We
delete the point 20 and the triples containing this point. The NSTS(20) obtained in this way may be strongly halved, e.g., by
takingB1 = {{0, 1, 5}, {1, 2, 6}, {2, 3, 7}, {3, 4, 8}, {4, 5, 9}, {5, 6, 10}, {6, 7, 11}, {7, 8, 12}, {11, 12, 16}, {18, 19, 2}, {2, 4, 12},
{3, 5, 13}, {4, 6, 14}, {5, 7, 15}, {6, 8, 16}, {12, 14, 1}, {16, 18, 5}, {19, 0, 8}, {0, 3, 9}, {1, 4, 10}, {2, 5, 11}, {3, 6, 12},{4, 7, 13},
{5, 8, 14}, {7, 10, 16}, {13, 16, 1},{15, 18, 3}, {0, 7, 14},{3, 10, 17}, {4, 11, 18}};
B2 = {{8, 9, 13}, {9, 10, 14}, {10, 11, 15}, {12, 13, 17}, {13, 14, 18}, {14, 15, 19}, {16, 17, 0}, {17, 18, 1}, {0, 2, 10},
{1, 3, 11}, {7, 9, 17}, {8, 10, 18}, {9, 11, 19}, {11, 13, 0}, {13, 15, 2}, {14, 16, 3}, {15, 17, 4}, {17, 19, 6}, {6, 9, 15}, {8, 11, 17},
{9, 12, 18}, {10, 13, 19}, {12, 15, 0}, {14, 17, 2}, {16, 19, 4}, {18, 0, 6}, {19, 1, 7}, {1, 8, 15}, {2, 9, 16}, {5, 12, 19}}; I = {0, 4},
{1, 9}, {2, 8}, {3, 19}, {5, 17}, {6, 13}, {7, 18}, {10, 12}, {11, 14}, {15, 16}. The halving permutation
α = (0 1 18 16) (2 14 8 11) (3 19) (4 9 7 15)(5 17)(6 13) (10 12)
preserves the 1-factor I, and moreover α(B2) = B1. Thus α is strong. 
Lemma 7. If v ≡ 20 (mod 24) then there exists an NSTS(v) with the strong halving property.
Proof. If v = 20, the statement follows from Lemma 6. Let v = 24k + 20 where k ≥ 1. We construct an NSTS(v) (V∗,B∗)
containing the NSTS(20) (V,B) given in the proof of Lemma 6 as a subsystem. Let V∗ = Vˆ ∪ Zv−20, where Vˆ is obtained from
V by replacing i with∞i (and αˆ is obtained similarly from α). We define two families of triples:
(C) with one point in the set Vˆ and
(D) with no point in Vˆ .
The family C contains 240k triples, and the number of triples inD is 96k2 − 88k. Families C andD will be split into two
subfamilies, {C1,C2} and {D1,D2}, respectively. In what follows, all expressions are taken modulo 24k and reduced to the
range {0, 1, . . . , 24k− 1}.
Case I: k ≥ 2. Family C1 contains triples: {∞0, 4i, 8k + 2 + 4i}, {∞18, 2 + 4i, 8k + 4 + 4i}, {∞0, 1 + 4i, 12k − 1 + 4i},
{∞18, 3+ 4i, 12k+ 1+ 4i}, {∞2, 4i, 4k− 5+ 4i}, {∞8, 2+ 4i, 4k− 3+ 4i}, {∞2, 2+ 4i, 4k+ 1+ 4i}, {∞8, 4+ 4i, 4k+ 3+ 4i},
{∞4, 4i, 8k − 1 + 4i}, {∞7, 2 + 4i, 8k + 1 + 4i}, {∞4, 2 + 4i, 8k + 5 + 4i}, {∞7, 4 + 4i, 8k + 7 + 4i}, {∞3, 2j, 4k − 3 + 2j},
{∞5, 2j, 6k− 1+ 2j}, {∞6, 2j, 8k+ 1+ 2j}, {∞10, 2j, 12k− 1+ 2j}, for i = 0, 1, . . . , 6k− 1, j = 0, 1, . . . , 12k− 1.
C2 consists of triples: {∞1, 1+4i, 8k+3+4i}, {∞16, 3+4i, 8k+5+4i}, {∞1, 2+4i, 12k+4i}, {∞16, 4+4i, 12k+2+4i},
{∞14, 1+4i, 4k−4+4i}, {∞11, 3+4i, 4k−2+4i}, {∞14, 3+4i, 4k+2+4i}, {∞11, 5+4i, 4k+4+4i}, {∞9, 1+4i, 8k+4i},
{∞15, 3+4i, 8k+2+4i}, {∞9, 3+4i, 8k+6+4i}, {∞15, 5+4i, 8k+8+4i}, {∞19, 1+2j, 4k−2+2j}, {∞17, 1+2j, 6k+2j},
{∞13, 1+ 2j, 8k+ 2+ 2j}, {∞12, 1+ 2j, 12k+ 2j}, for i = 0, 1, . . . , 6k− 1, j = 0, 1, . . . , 12k− 1.
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FamilyD can be represented by the following setD of 4k− 3 base blocks: {0, 6k− 2− i, 6k+ i}, i = 0, 1, 2, . . . , 2k− 2,
{0, 10k− j, 10k+ 1+ j}, j = 0, 1, 2, . . . , 2k− 4, and {0, 8k, 16k}. LetD1 =⋃12k−1m=0 (α∗)2m(D),D2 =⋃12k−1m=0 (α∗)2m+1(D) (that
is,D2 = D \D1), where α∗ = (0 1 . . . 24k− 1). Let α = αˆ ◦ α∗.
Case II: k = 1. Let C1 consist of triples {∞0, 8i, 8i+ 6}, {∞0, 8i+ 1, 8i+ 7}, {∞18, 8i+ 4, 8i+ 10}, {∞18, 8i+ 5, 8i+ 11},
{∞0, 8i+ 2, 8i+ 12}, {∞0, 8i+ 3, 8i+ 13}, {∞18, 8i+ 6, 8i+ 16}, {∞18, 8i+ 7, 8i+ 17}, {∞2, 8i, 8i+ 2}, {∞2, 8i+ 3, 8i+ 5},
{∞8, 8i+4, 8i+6}, {∞8, 8i+7, 8i+9}, {∞2, 8i+7, 8i+12}, {∞8, 8i+11, 8i+16}, {∞2, 8i+6, 8i+17}, {∞8, 8i+10, 8i+21},
{∞4, 8i, 8i + 4}, {∞4, 8i + 1, 8i + 5}, {∞7, 8i + 4, 8i + 8}, {∞7, 8i + 5, 8i + 9}, {∞4, 8i + 2, 8i + 7}, {∞7, 8i + 6, 8i + 11},
{∞4, 8i + 3, 8i + 14}, {∞7, 8i + 7, 8i + 18}, {∞3, 4j, 4j + 1}, {∞3, 4j + 3, 4j + 10}, {∞5, 4j + 1, 4j + 2}, {∞5, 4j, 4j + 7},
{∞6, 4j, 4j+ 3}, {∞6, 4j+ 1, 4j+ 10}, {∞10, 4j+ 1, 4j+ 4}, {∞10, 4j+ 2, 4j+ 11}, for i = 0, 1, 2, j = 0, 1, . . . , 5.
Moreover, D1 = {{4m, 4m + 8, 4m + 16}, {4m + 1, 4m + 9, 4m + 17} : m = 0, 1}. Let C2 = αC1 and D2 = αD1 where
α = αˆ ◦ α¯ and α¯ = (0 2 4 . . . 22)(1 3 5 . . . 23).
In both cases, we construct a strongly halvable NSTS(v). LetB∗ = Bˆ∪C∪D ,B1 = Bˆ1∪C1∪D1 andB2 = Bˆ2∪C2∪D2,
and let I = Iˆ∪ {{i, 12k+ i} : i = 0, 1, . . . , 12k−1}, where Bˆ is obtained fromB given in the proof of Lemma 6 by replacing i
with∞i for i = 0, 1, . . . , 19 (and similarly for Bˆ1, Bˆ2, Iˆ). The permutation α preserves the 1-factor I and is a strong halving
permutation for the system (V∗,B∗). 
Lemma 8. There exists an NSTS(36) which can be fairly halved.
Proof. Let (Vˆx, Bˆx), where x = a, b, c, denote three copies of theNSTS(12) given in Example 3 which can be fairly halved, with
i replaced by ix, i = 0, 1, 2, . . . , 11, with the fair antimorphisms αˆx = (0x2x11x1x)(3x4x)(5x6x)(7x8x)(9x10x). We construct an
NSTS(36)(V,B) containing (Vˆx, Bˆx) as subsystems by taking a halvable TD(3, 12)(V,C) as follows. Let V = Vˆa ∪ Vˆb ∪ Vˆc and
C = C1 ∪ C2.
Let C1 = {{0s, 0t, 3u}, {11s, 11t, 3u}, {2s, 1t, 3u}, {1s, 2t, 3u}, {0s, 2t, 5u}, {11s, 1t, 5u}, {2s, 0t, 5u}, {1s, 11t, 5u}, {4s, 7t, 4u},
{6s, 9t, 6u}, {6s, 7t, 5u}, {4s, 9t, 3u}, {5s, 7t, 3u}, {3s, 9t, 5u}, {3s, 7t, 6u}, {5s, 9t, 4u}, {8s, 0t, 8u}, {10s, 11t, 10u}, {10s, 0t, 9u},
{8s, 11t, 7u}, {9s, 0t, 7u}, {7s, 11t, 9u}, {7s, 0t, 10u}, {9s, 11t, 8u} : (s, t, u) = (a, b, c), (b, c, a), (c, a, b)}.
Let C2 = α(C1), where α = αˆa ◦ αˆb ◦ αˆc.
Clearly, (V,B)whereB = B1 ∪B2,B1 = Bˆa1 ∪ Bˆb1 ∪ Bˆc1 ∪C1,B2 = Bˆa2 ∪ Bˆb2 ∪ Bˆc2 ∪C2, is an NSTS(36). The permutation
α preserves the 1-factor I = Iˆa ∪ Iˆb ∪ Iˆc and is a fair halving permutation for the system (V,B). 
The following lemma deals with halving NSTS(v) when v ≡ 12(mod 24) via embedding a halvable NSTS(20) into an
NSTS(v).
Lemma 9. If v ≡ 12 (mod 24), v ≥ 60, then there exists an NSTS(v) with the strong halving property.
Proof. Let v = 24k + 36 where k ≥ 1. We construct an NSTS(v)(V∗,B∗) containing the NSTS(20)(V,B) given in the proof
of Lemma 6 as a subsystem. Let V∗ = Vˆ ∪ Zv−20 where Vˆ is obtained from V by replacing i with∞i for i = 0, 1, . . . , 19. We
define two families of triples: C with one point in the set Vˆ , andD with no points in Vˆ . Families C andD will be split into
two subfamilies {C1,C2} and {D1,D2}, respectively.
FamilyD is determined by the set D¯ of base blocks:
{0, 6k+ 2− i, 6k+ 4+ i}, i ∈ {0, . . . , 2k− 2},
{0, 10k + 5 − j, 10k + 6 + j}, j ∈ {0, 1, . . . , 2k − 3} ∪ {2k} (when k = 1 then j = 2) and {0, 4k, 12k + 4}. Let
D1 = ⋃12k+7m=0 (α′)2m(D¯),D2 = ⋃12k+7m=0 (α′)2m+1(D¯), m = 0, 1, . . . , 12k+ 7 where α′ = (0 1 . . . 24k+ 15).
FamilyC1 contains triples: {∞0, 4i, 4i+4k+2}, {∞18, 4i+2, 4i+4k+4}, {∞0, 4i+1, 4i+8k+7}, {∞18, 4i+3, 4i+8k+9},
{∞2, 4i, 4i+ 12k+ 7}, {∞8, 4i+ 2, 4i+ 12k+ 9}, {∞2, 4i+ 1, 4i+ 12k+ 6}, {∞8, 4i+ 3, 4i+ 12k+ 8}, {∞4, 4i, 4i+ 4k− 1},
{∞7, 4i+ 2, 4i+ 4k+ 1}, {∞4, 4i+ 1, 4i+ 4k− 2}, {∞7, 4i+ 3, 4i+ 4k}where i = 0, 1, . . . , 6k+ 3, and {∞3, 2j, 2j+ 4k+ 3},
{∞5, 2j, 2j+ 6k+ 3}, {∞6, 2j, 2j+ 8k+ 3}, {∞10, 2j, 2j+ 8k+ 7}where j = 0, 1, . . . , 12k+ 7.
Let α∗ = αˆ ◦ α′ where αˆ is obtained from α given in the proof of Lemma 6 by replacing i with∞i for i = 0, 1, . . . , 19. Let
C2 = α∗(C1). Let B1∗ = Bˆ1 ∪ C1 ∪D1, B2∗ = Bˆ2 ∪ C2 ∪D2, and let B∗ = B1∗ ∪ B2∗. Set I∗ = Iˆ ∪ {{i, i + 12k + 8} : i =
0, 1, . . . , 12k + 7}. Here Bˆ1, Bˆ2, Iˆ are obtained from B1, B2 and I, respectively, given in the proof of Lemma 6 by replacing
i with ∞i. The permutation α∗ preserves the 1-factor I∗, and α∗(B1) = B2, α∗(B2) = B1. Thus α∗ is a strong halving
permutation for the system (V∗,B∗). 
Theorem 10. (i) For every admissible order v ≡ 0 or 2 (mod 6) there exists an NSTS(v) that can be fairly halved.
(ii) An NSTS(v) that can be strongly halved exists for all v ≡ 0 or 2(mod 6), except possibly for v = 36, and does not exist for
v = 12.
Proof. First note that an NSTS(36)which can be fairly halved exists by Lemma 8. Then combine Corollary 2 with Lemmas 4,
7 and 9. 
Corollary 11. A Steiner almost self-complementary graph with n vertices exists if and only if n ≡ 0 or 2 (mod 6).
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2. Conclusion
From among the many possible questions that one may ask regarding the topics explored in this paper, we restrict
ourselves to the following two:
1. Does there exist an NSTS(36) that can be strongly halved?
2. The smallest order for which there exist NSTSs which cannot be halved is 14. Does there exist then, for each admissible
v > 14, an NSTS(v) which cannot be halved?
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